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Primes after svmbol indicate differentiation with respect to non-dimensional time.
INTRODUCTION
This report is concerned with the behavior of a spring/mass/damper system of the type shown in Figure 1 . This model has been used in the past to simulate the dynamic response of parts of the human body, in efforts to assess human tolerance to acceleration.
The response of this system to a continuous sinusoidal input is frequently treated in engineering texts; however, the solution for other types of input is usually confined to an undamped system. Nindlin, et al (Ref, 1) have presented results showing the response to a half-cycle sine pulse. 'Ithough an analytical solution was given for the zero-damping case, the curves for non-zero damping were plotted fron analog computer results.
In Ref. 2 it is pointed out that in the absence of damping the base excitation can be expressed in terms of displacement or velocity as alternatives to acceleration. Although this is also possible when damping exists, the resulting equations contain more than one input derivative and are generally too complicated to be considered for engineering applications.
We shall therefore confine our attention to the response of the system when the base of the spring is accelerated, but it is shown that the results are applicable, by a simple substitution, to the situation in which the mass is excited while the spring/damper element is grounded. 
THE GENERAL THEORY OF A LINEAR SYSTEM
= force on the damper,
*S -»-ZKS
or Ü = 09-6 ^ 2c 6 Co..^lder now the case in which the mass experiences a force excitation "P = P^t) , with the base of the svstem fixed. 
Thus the solution to eq. (13) may be written as When the motion due to an initial condition only is required, this can be obtained immediately from eq. (18). Moreover, for any forcing function, "he initial condition transients are directly additive to the response due to the forcing function. Thus we need only consider the variation in eq. (18) due to the particular forcing function \£H) in what follows.
We shall see in Section 3 that any acceleration input pulse or vibration has a characteristic peak value y. may be regarded as the transform of the "output" of the system, with "i^c") the transform of the "input"; thus, subject to quiescent initial conditions, we may define S/p) m I *£(£) = 1(T) (ja,
-as the system transfer function for the input i^ , with the input applied to the base of the system as shown in ILg, 1. It should be noted that definition (23) is only unique when the point of application of the input is specified.
The transfer function of the system is the Laplace transform of its rheonomic normal response (i.e., its response as an explicit function of time, for quiescent initial conditions) to a ^irst order unit impulse. Thus, when an acceleration input function y c is given, the response of a linear system to y« 1 ma y ^e found by integration of one of equations (26), making use of the known response of the system to a unit impulse. Although the technique is based on the Laplace transform approach, it is not necessary to use the transform of the input acceleration function. Th. method is probably more useful than the direct inverse transformation pi" idare for cases where the transformation ^(yj 1 ) is not a rational function of -p , J that the ratio ^(ycO/C^^tV*"-^"^ cannot be expanded into simple partial fractions. In many cases, however, the integrand is so complicated that the integration becomes very laborious to perform dnalyticdlly, and numerical methods are preferable.
The approach just discussed, involving the convolution integral, may be developed even further for the special case of a steady-state oscillatory input. The input may then be expressed as a complex Fourier series:
Where C^ is the nth complex coefficient in the series, and J\. is the frequency of oscillation of the input. C n is given by
The complex exponential form of the Fourier series thus needs only one formula for all its coefficxents, and is more compact and easier to manipulate than the more common trigonometrical form. It also provides a convenient transition to Fourier integrals and Fourier transforms. 
where ^("O is thus the Fourier transform of the impulsive response function q(«t"). Since 9(^) is zero for t Z<0 , the limits of integration can be 0,0© or + oo without affecting the value of the integral.
-^ A.(^C n C (32)
For an input which is real, the output must also be real; under these conditions eq. (32) Since any periodic function can be expressed as a Fourier series to a high degree of accuracy, the response of a single degree of freedom system to any periodic function can be calculated from eq, (33). Fourier series representations of some periodic functions are given in Table 2 of Section 3.
It should be noted that the Fourier series expansion of a periodic function which has finite discontinuities leads to finite (though not usually significant) amplitude overshoots in the region of the discontinuities. For example, for a rectangular wave, the Fourier series expansion gives amplitude overshoots at the discontinuities which approach a limit of about + 9% of the amplitude of the wave as the number of terms in the expansion tendF to infinity (see Fig. 2 ). At points on the rectangular wave between the discontinuities the difference is much less, of course, decreasing as the number of terms taken in the expansion is increased. This behavior is due to the fact that the Fourier series expansion fails to converge uniformly at the discontinuities; this is known as the Gibbs phenomenon. It is discussed in detail in Ref. 3 .
Input functions which are nonperiodic (e.g., acceleration pulses) may also be treated by a modification of the Fourier series expansion, in the form of Fourier integrals and Fourier transforms. Generally speaking, however, the method of Laplace transforms usually proves to be more convenient to use for such functions.
Further discussion of the Fourier methods is beyond the scope of this report. A more detailed treatment will be found in, for example, Ref. in this paper, the first class has been investigated in greatest detail; using the Laplace transform technique, the response of the basic system to several different types of pulse has been analyzed. For each pulse, a family of curves is presented, showing the variation of amplification factor with pulse duration, for a range of values of the damping coefficient ratio. These are plotted in Figures 4 through 8. Amplification factor is defined here as the ratio of maximum dynamic deflection to static deflection. The pulses considered, together with their Laplace transforms, are summarized in Table 1 of this section; the detailed solutions will be found in the Appendices.
Oscillatory inputs may also be solved using Laplace transforms; however, a more convenient approach in general is by way of the Fourier series expansion of the input function. This method is discussed in detail in Section 2 of this paper. The Fourier series representations of some periodic functions are presented in Table 2 .
Semi-infinite ramps represent acceleration inputs which start from an initial value of zero, and rise in some fashion to a constant acceleration level. Rise-time is the most important parameter for this type of input. Table 3 shows some of the ramps commonly encountered, together with their Laplace transforms. 
^._L.(,-e -«') (39)
As the deflection increases, the spring force becomes important enough to cause a divergence from the simple damper result, and returns the system to equilibrium, after passing through a maximum deflection.
We determine the maximum deflection by differentiating eq. (38) with respect to «C , then equating to zero. Differentiating with respect to *r , 
Substituting eq. (46) and (47) The response of an undamped system to an impulsive velocity cnange, for various values of the initial parameter *€ , is given in Figure 5 . 
sinipT-e sin ^(T-^ (T>CX) (55)
We can find T , the time at which ^«^ occurs by setting eq. (55) equal to zero, ana solving for time. The value of £m«u« is then found by substitu ingT =t* into the equations for S. The response of a damped single degree ot freedom system to a rectangular-pulse acceleration input is plotted in Figure 6 , as t* 1 btnoM,/? 1 versus the non-dimensional pulse duration, <i>A c Using figure U, it is possible to calculate the initial slope of the olot of «g £gga vs. Ufa. for any arbitrary pulse, providing a useful check . V.' on the solutionj this check was applied to the case of the rectangular pulse. 
